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INTRODUCTION
Gaussian beams have long been recognized as exact solutions of the paraxial wave equation for nearly plane waves propagating in media that have at most quadratic variations of the index of refraction and of the gain or loss in the vicinity of the beam. Thus at every reference plane along the beam propagation path the amplitude distribution remains Gaussian, while the phase fronts remain spherical. Because of this property, one might refer to these solutions as shape-invariant or continuing Gaussian beams. It was shown that Gaussian beams retain their basic functional form when propagating in free space,! reallenslike media,2 complex lenslike media,3 and other simple elements. 4 Off-axis polynomial-Gaussian beams have also been studied,5 and their propagation in a range of complex and misaligned systems is now known. 6 Similar solution properties have been found to be shared by general families of Bessel-Gaussian, exponentialGaussian, and trigonometric-Gaussian beams. 7 . Gaussian beams are especially useful for the longdIstance propagation of optical-frequency fields in free space or in certain lenslike media. For lower-frequency fields the transverse dimensions of Gaussian beams may become too large, and more confining waveguiding systems are usually employed. Thus multi conductor transmission lines can be used for frequencies from dc up to the millimeter wave range (approximately 0-10 11 Hz). For the higher microwave and millimeter-wave frequencies, hollow conducting cylinders of various cross-sectional shapes have proven to be useful (approximately 10 10 -10 13 Hz), and for field confinement at optical frequencies solid dielectric fibers are known to be very effective (10 14 _10 15 Hz).
The best field confinement technology for the infrared region of the spectrum has been more difficult to determine (10 13 _10 14 Hz). The fields of most widespread use in this range are those produced by the very efficient and Powerful CO 2 lasers ( medicine. To be specific, several citations to the CO 2 laser waveguide studies will be mentioned here, and similar but less extensive propagation studies have been conducted at other infrared wavelengths. Some success in the waveguiding of CO 2 wavelengths has been obtained by using solid media based on polycrystalline alkali halide fibers,8-10 with transmission losses as low as 0.1 dB/m having been reported.
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More commonly, the waveguides used to transmit CO 2 laser radiation are hollow, and of these some are uncoated dielectric tubes of plastic, glass, ceramic, or sapphire.
ll 18 However, the greatest interest in hollow waveguides has centered on those in which the guiding surfaces are formed or deposited metal tubes. Materials for these tubes have included aluminum, copper, bronze, silver, or gold,19-38 and again losses as low as 0.1 dB/m have been reported. 27 ,:32 None of the CO 2 waveguide types that have just been mentioned support continuing Gaussian beams. In particular, in waveguides with highly reflecting boundaries, near-Gaussian beams (some distortion must occur at boundaries) at one reference plane would not remain Gaussian at all other planes. As a result, it is usual to design such waveguides to operate with other electromagnetic field distributions. For example, it is common for rectangular waveguides to operate with sinusoidal mode functions, while the fields in circular waveguides may be expressed in terms of Bessel mode functions. These fields can match the corresponding waveguide boundary conditions and propagate with no change in their transverse distribution. In the case of waveguide amplifiers, these fields can also couple efficiently to the amplifying medium.
Sinusoidal or Bessel waveguide modes are however not without some disadvantages, especially for optical~ frequency applications. In optical-frequency systems it is often necessary to couple free-space propagating beams into or out of waveguides. Most applications of waveguide laser amplifiers and oscillators require such beams and thus transformations between waveguide and bea~ field configurations are frequently needed. Such transformations never lead to the ideal field distributions that one might hope for, and they also may involve significant power loss. In this context, it is useful to consider the possibility of recurring Gaussian beams, which would have an approximately Gaussian transverse profile at more than one plane along the propagation path. It is shown here that under some conditions recurring (rather than continuing) Gaussian beams can describe wave propagation in hollow metal waveguides. Thus a metal waveguide of appropriate dimensions can efficiently transform a Gaussian input beam into a Gaussian output beam. Paraxial propagation in a metal waveguide typically involves the grazing reflection of the guided fields from the interior waveguide surfaces. The grazing reflection of Gaussian beams from a single flat metal surface has recently been studied. 39 Those previous results are generalized here to include multiple reflections of Gaussian beams from the opposite pairs of plane waveguide surfaces in a plane-parallel or rectangular waveguide. It is shown numerically and analytically that a Gaussian beam at one reference plane in such a waveguide will recur at certain well-defined and easily calculated distances along the waveguide. These distances depend in part on the polarization of the fields with respect to the waveguide surfaces. If two of the points of Gaussian beam recurrence correspond to the ends of the waveguide, then the waveguide fields will have coupled efficiently to freespace Gaussian input and output beams.
A brief derivation of the Gaussian beam equations is included in Section 2. The purpose of this derivation is to reduce the partial differential wave equation to a set of first-order ordinary differential equations governing the various parameters that characterize the spatially evolving beam. The solutions of these simpler equations are discussed in Section 3 for off-axis Gaussian beam propagation in spatially homogeneous media. The application of these beams to recurring propagation in metal waveguides is explored in Section 4. For comparison and interpretation, the behavior of the more conventional sinusoidal waveguide modes is considered in Section 5.
BEAM EQUATIONS
One of the basic geometries to be considered here consists of a diffracting Gaussian beam injected between two parallel reflecting metal surfaces. The Gaussian beam is not necessarily injected at the center of the waveguide input plane, and it might also be propagating in part toward or away from one of the waveguide sides. This arrangement is shown in Fig. 1 , and the coordinate system to be employed is also shown in the figure. Owing to diffraction and misalignment, the beam is assumed to interact with the waveguide surfaces over extended distances. The surfaces are assumed to be highly reflecting and flat, and with this restriction it is possible to obtain solutions that are not excessively cumbersome.
For any study of electromagnetic-wave propagation the fundamental starting point is the Maxwell-Heaviside equations. These equations can be combined to yield coupled equations that govern the various field compo- nents of a propagating electromagnetic beam. For the case of nearly plane waves in a medium in which the changes in permittivity and permeability per wavelength are small, the dominant transverse Cartesian field components are governed by the much simpler wave equation,
where E' is the complex amplitude of the electric field, and k is the potentially complex spatially dependent wave number. The wave number could, in principle, have an imaginary part due to nonzero conductivity or out-ofphase components of the polarization or magnetization. While Eq. (1) governs the dominant transverse components, the weak z components of the fields may be found at any time from the transverse components by means of the Maxwell-Heaviside equations. 4o As noted above, a continuing Gaussian beam can propagate in spatially inhomogeneous media that have at most quadratic transverse variations in the vicinity of the beam. However, for applications of interest here it is assumed that the propagation medium within the waveguide is essentially a uniform dielectric, and thus k in Eq.
(1) will be considered to be a constant within the waveguide. For consistency with Ref. 39 , this constant will be represented as f3o. Furthermore, because of the separability of the wave equation for a uniform medium, no particular insight is gained by retaining propagation effects in both of the transverse directions. Thus we assume at the outset that there are no field variations in the y direction. For a linearly polarized wave that propagates primarily in the z direction, a useful substitution is
where A is a new complex amplitude function. With t~is substitution Eq. (1) reduces to the paraxial wave equatIOn
where A is assumed to vary so slowly with z that its second derivative can be neglected. . A useful form for a fundamental astigmatic off-axIs Gaussian beam is 40
The size of the beam and the curvature of the phase fronts are governed by the complex beam parameter Q x' The location of the beam depends on the complex displacement parameter S x' and the phase and amplitude of the beam are governed by the complex phase parameter P. If Eq. (4) is substituted into Eq. (3), one finds by equating equal powers of x that the various parameters of the beam are governed by the following equations:
The detailed significance of the parameter Q x is contained in the relation 1 2i (8) where Rx and Wx are, respectively, the radius of curvature of the phase fronts and the lie amplitude spot size in the x direction. From Eq. (4), the ratio d xa = -SxJQxi is the displacement in the x direction of the amplitude center of the Gaussian part of the beam, and the ratio d xp "= -Sxr/Qxr is the displacement in the x direction of the phase center of the beam. Here the subscripts i and r denote, respectively, the imaginary and real parts of the parameters Q x and S x .
For our present purposes it is convenient to express the complex displacement parameter in terms of the more physically intuitive amplitude displacement and the rate of change of this displacement with the propagation distance z. Combining Eqs. (5) and (6) with the displacement definitions, one obtains the relation 41 where d ~a represents the slope of the beam axis with respect to the z axis and use has been made of the fact that in a uniform medium the rate of change of the amplitude displacement is constant while the displacement itself varies linearly with z. A similar equation would hold for Sy(z) in a more general configuration. rameter Qx (or accordingly the spot size and phase front curvature) has been examined in greatest depth, while much less attention has been given to the detailed solutions of the displacement and phase parameter equations and their applications. It is now necessary to have solutions for all of these equations. One can readily show that the solution to Eq. (5) has the familiar form
SOLUTION OF THE BEAM EQUATIONS
where lIqxl is the initial (z = 0) value of lIqx(z). Similarly, one can show that the solutions of Eqs. (6) and (7) can be written as:39 (11) where Sxl is the initial value of SJz) and PI is the initial value of P(z). When these parameter formulas are introduced into Eq. (4), one has a complete description of the propagation of the fundamental off-axis Gaussian beam in real uniform media.
The significance and applications of these results can be more readily explored by focusing on specific cases. It follows from Eq. 
When combined with Eq. (8), Eq. (13) yields the standard formulas for the propagation of the spot size and the phase front curvature, and Eqs. (11) and (12) become (14) i ( iZ) S;I Z 0 z/zo
Zo 2f3o 1 -izlz o (15) The parameter functions given in Eqs. (13)- (15) can now be combined with Eqs. (8) and (9) and substituted into Eq. (4). After some arithmetic one finds that the result can be written as (16) where we have used the formula for the Rayleigh length in terms of the spot size at the beam waist Z 0 = n 7fWo 2/'A to eliminate the propagation constant f30 = 2 7fnlA, with n being the index of refraction of the medium within the waveguide. It has been convenient to normalize distances in the direction of propagation with respect to the Rayleigh length by introducing the normalized distance z' = zlzo. It has also been helpful to normalize all transverse distances to the waveguide wall separation d, and thus we have introduced the normalized transverse coordinate x' = xld, the normalized spot
, and the rate of change of this position with respect to normalized distance in the z direction VI = dp 1 Idz' . The initial value of the phase has arbitrarily been set equal to zero.
It is convenient for many purposes to deal with the intensity of the beam rather than the amplitude. We define the intensity by the relation
where the asterisk means complex conjugate. We choose the amplitude coefficientA o of the off-axis Gaussian beam given in Eq. (16) so that l(x', z') will be normalized according to the integral (18) After some further arithmetic one finds that the normalized field can be written as 
PROPAGATION IN WAVEGUIDES
We now have an analytical description of a Gaussian beam that propagates displaced and at a small angle with respect to an arbitrary z axis. This analysis has not yet included the possibility of reflecting surfaces in the beam path, but it is possible to start from this solution and determine the fields in the vicinity of such surfaces. The basic idea is to use a superposition of solutions of the type given above. Because the wave equation as employpd here is linear, any superposition of solutions is also a solution.
It will be assumed that each reflecting surface is a fiat high reflector as might be achieved with a metal waveguide for grazing angles of incidence. The electromagnetic boundary condition for such a surface is that the tangential component of the electric field must go to zero at the boundary. Thus for fields polarized parallel to the surface the amplitude of the fields must go to zero at the boundary. We will refer to this as the parallel polarization (electric field vector normal to the plane of incidence). For the perpendicular polarization (electric field vector in the plane of incidence), the field may have a local maximum or minimum at the boundary. It follows from these considerations that a representation for a guided parallelpolarized field requires that we find some superposition of Gaussian beams such that the fields all cancel at the locations of the boundaries. Such a superposition would satisfy the paraxial wave equation and would also by design satisfy the boundary conditions of the problem.
To be specific, it is assumed that the reflecting surfaces are exactly parallel to the z axis while the beam itself m~y be propagating at a small an'gle with respect to this aXIS, as shown in Fig. 1 . Initially, we will also focus on parallel-polarized beams. For this case, one finds that an a.mplitude superposition satisfying the boundary conditIons at a single boundary is
It is clear from this formula that at an x' value of 0.5 the tw.o components of the superposition cancel. Physically, thIS formula represents two Gaussian beams that are images of each other and for which the respective z axes are separated by the distance d. This distance was also chosen above as the normalization distance for the transverse beam and coordinate variables. For the waveguide problem of interest here, one must account for mUltiple reflections at both boundaries. For t?is case Eq. (20) must be generalized to the superpositIon
This summation ensures that the total electric field goes to zero at the two waveguide surfaces (x I = -0.5, 0.5). The necessary size of the summation limit N depends on the maximum transverse extent that the beam would occupy in the absence of the waveguide walls.
It is more convenient to focus on the intensities associated with the fields rather than their amplitudes. For the parallel polarization the intensity from Eq. (17) is now defined by (22) and Eqs. (19), (21) , and (22) is polarized parallel to the surfaces and enters directly along the waveguide axis. The waist spot size is w ~ = 0.2, and the propagation distance between successive profiles is z' = 0.1 (ten plots per Rayleigh length). This display format shows in a compact way the changes in beam intensity and width that occur with propagation. The intensity spreads into two symmetrical peaks and then returns to its initial near-Gaussian profile after approximately eight Rayleigh lengths. As required by the boundary condition, the intensity always remains zero at the reflecting surfaces. Figure 3 is a plot of the transverse intensity profiles of an off-center Gaussian beam whose input waist occurs at the position x' = 0.25 (three fourths of the way to one side of the waveguide). The beam is again polarized parallel to the surface, and the waist spot size is w ~ = 0.2, but in this case the propagation distance between successive profiles is z' = 1.0 (one plot per Rayleigh length). The beam evolution is more complex than for the on-axis beam in site side of the waveguide after approximately 32 Rayleigh lengths, and the 32 plots in the figure are intended only to illustrate the variety of profiles occurring at the intermediate distances.
The effects of misalignment are shown in Fig. 4 . In this case the input Gaussian beam is centered in the waveguide but is initially propagating toward the righthand waveguide surface with a velocity VI = 0.1. As in Fig. 3 , the waist spot size is w ~ = 0.2, the distance between plots is z I = 1.0, the number of plots given is 32, and recurrence is again at 64 Rayleigh lengths. It is perhaps notable that with partial sideways propagation at the input, the intensity can achieve higher values than the peak input intensity, and in that respect a simple waveguide might have some use as a focusing element.
Similar results are obtained for the intensity of a beam that is polarized perpendicular to the reflecting surface. Instead of Eq. (20) the reflection at a single boundary in this case can be represented by the alternative superposition
(23)
For the waveguide problem, one must again account for reflections at both boundaries. For this case Eq. (23) must be generalized to the superposition (24) n=-N This summation ensures that a maximum or minimum of the total electric field occurs at the waveguide surfaces (x' = -0.5,0.5) or equivalently that the normal derivative of the field goes to zero.
For this perpendicular polarization the intensity is defined by (25) and Eqs. (19), (24), and (25) proximately 16 Rayleigh lengths from the input, the original intensity distribution recurs. As required by the boundary conditions, the intensity derivative is always zero at the waveguide surfaces. Figure 6 is a plot of the transverse intensity profiles of an off-center Gaussian beam whose input waist occurs at the p~sition x' = 0.25. The beam is again polarized per: pendlCular to the surface, and the waist spot size is W 0 = 0.2, ?ut in this case the propagation distance between succeSSIve profiles is z' = 1.0 (one plot per Rayleigh length). The beam evolution is more complex than for the on-~xis beam in Fig. 5 , and recurrence happens after approxImately every 64 Rayleigh lengths. The beam re-forms on the opposite side of the waveguide after approximately 32 Rayleigh lengths, and again the 32 plots in the figure are intended only to illustrate the variety of profiles occurring at the intermediate distances.
The effects of misalignment are shown in Fig. 7 . In this case the input Gaussian beam is centered in the waveguide but is propagating toward the right-hand waveguide surface with a velocity VI = 0.1. The waist spot size is again w ~ = 0.2, the distance between plots is z' = 1. 0, the number of plots given is 32 and recurrence is at 64 Rayleigh lengths. It may be seen that, as with parallel polarization, partial sideways propagation at the input can lead to intensities higher than the peak input intensity.
WAVEGUIDE MODES
The preceding discussions here have been concerned especially with the paraxial propagation of fields in waveguides when the input field is in the form of a Gaussian beam with spherical phase fronts. The waveguide propagation of these fields has been interpreted in terms of a superposition of fundamental Gaussian beams. An alternative analysis can be based on an expansion of the input beam in a set of waveguide eigenmodes. Although this expansion method would often be less efficient numerically than the Gaussian beam method, it provides a more direct perspective on the recurring nature of the fields.
As with the Gaussian beam solutions, it is sufficient to restrict attention to a two-dimensional, or parallel-plate, waveguide configuration. In the paraxial approximation the equations governing the x and y field variations of a rectangular waveguide are separable, so focusing on just ~he x variation does not represent a loss of generality. It IS assumed at the outset that the field amplitude A(x, z) can be written in the form (26) where, for the propagating modes, y is a real quantity representing the modal correction to the plane-wave phase. If Eq. (26) is substituted into Eq. (3), the transverse part of the paraxial-wave equation is
If the x coordinate is now imagined to have its origin at one of the waveguide surfaces, it is natural to express the solutions of Eq. (27) in the form
When Eq. (28) is substituted into Eq. (27) , one obtains the characteristic equation (29) As noted above, if the electric field is polarized parallel to the waveguide surfaces, the amplitude must go apprOXimately to zero at those surfaces. For a waveguide Spacing of d, the field solution is therefore of the form where the propagation constant kx must satisfy the condition (31) with m = 1,2,3 , ... , and m is the mode index. Equations (29) and (31) may be combined to obtain the condition
An arbitrary input field distribution can be expanded in terms of the waveguide modes. In the more general cases one may expect a nonzero amplitude for many of the lower-order waveguide modes in such an expansion. A condition of interest occurs when the phase delay implied by Eqs. (26) and (32) is an integer multiple of 2TT:
where h is an integer. Also, the total field of a mode superposition (except for phase) will repeat if the phase differences between all of the component modes differ from each other by integer multiples of 21T.
The largest common divisor of the differences between adjacent terms in an m 2 series is unity. Thus the condition given in Eq. (33) will first occur simultaneously for all modes at the distance corresponding to m = h = 1: z = (34) TT If this distance is normalized to the Rayleigh length with the spot size normalized to the waveguide width, the result is For some special input beams the repetition distance may be much shorter than the value given in Eq. (35) . For example, with a symmetric on-axis beam, the mode index in Eq. (31) takes on only odd values. The largest common divisor of the differences between adjacent odd terms in an m 2 series is eight. Thus in place of Eq. (35) a parallel-polarized symmetric Gaussian beam recurs in the normalized distance z' = (1TW,2)-1. For w' = 0.2 the recurrence distance is z I = 7.96, and this result is consistent with the numerical solutions given in Fig. 2 .
If the electric field is polarized perpendicular to the waveguide surfaces, the derivative of the field will approximately vanish at the surfaces. For a waveguide spacing of d, the field solution from Eq. (28) in this case is of the form (36) where the propagation constant k x must satisfy the condition given in Eq. (31) with m = 0, 1, 2 , ... , and m is again the mode index. In this case the normalized dis-tance for the beam to recur is again given by Eq. (35) , and the recurrence distance of z I == 64 for a spot size of w' = 0.2 is consistent with the numerical solutions leading to Figs. 6 and 7.
For special input beams the recurrence distance may again be much less than the value given in Eq. (35) . With a symmetric on-axis beam, the mode index in Eq. 
DISCUSSION
Gaussian beams have proven to be extremely useful for the propagation of localized electromagnetic signals. It is usually understood that such beams are not relevant to propagation in hollow metal waveguides. While continuing Gaussian beams cannot be solutions for such guides, recurring Gaussian beams can be. With proper design a free-space Gaussian beam can be efficiently coupled into a metal waveguide and, after a somewhat complex evolution, will emerge again into free space as a conventional Gaussian beam. A guiding configuration of this type can be useful when other low-loss guiding media are not available.
It is of interest to consider the actual dimensions that might be involved in constructing a waveguide to support recurring Gaussian beams at CO 2 laser wavelengths. It is clear from the input Gaussian beam shown in Fig. 2 that with a normalized waist spot size of w b = 0.2, truncation by the guide is extremely small, and for some purposes larger values ofwb would be acceptable. Nevertheless, for consistency with our numerical results we will assume that the input beam has a normalized spot size of w b = 0.2. Then, if the input spot size were 1 mm, it follows that the waveguide width would be 5 mm. Under these very realizable conditions an on-axis beam in a planar waveguide would recur after either eight or sixteen Rayleigh lengths, depending on whether it were parallel or perpendicular polarized, respectively. (A rectangular guide with a possibly astigmatic input beam should be designed so that the parallel and perpendicular field recurrences are at the same plane.) The Rayleigh length in meters for this case would be z 0 = TTW 0 2 / A = 7T( 10-a )2/10.6 X 10 -6 = 0.3 m, and eight Rayleigh lengths would correspond to a propagation distance of ~2.4 m. On the other hand, if the input spot size had the smaller value of 0.1 mm, the waveguide width would be 0.5 mm, and recurrence would be at 2.4 cm. These values appear to be in the range of typical CO 2 waveguide experiments.
The results obtained here are not limited in application to infrared optical signals, and applications would be possible wherever there was an absence of transparent waveguiding media. Thus, in the far-ultraviolet and the soft-x-ray regions, transparent materials are virtually unknown, whereas grazing reflectivities from metals can be Lee W. Casperson quite high. Hollow metal waveguides have already been employed for the transmission of KrF excimer laser light. 42 As a final comment, it may be noted that a similar phenomenon has been investigated in quantum mechanics. It follows from Schrodinger's equation that a localized wave function in free space will always tend to evolve and spread with time. However, if the wave function is initially localized within a potential well, the spreading cannot continue without limit. In fact, it has been shown that after a time interval the form of a wave function may experience a revival, and in ideal cases such revivals occur periodically. 4:3, 44 
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